A study is made for Z M × Z N orbifolds of the modification of the form of the twisted sector Yukawa couplings when some of the states involved are excited twisted sectors rather than twisted sector ground states.
models [1, 2] will be required for a comparison of such models with observation. In particular, the exponential dependence of Yukawa couplings on moduli which can occur when all the states involved are in twisted sectors [3, 4] may have a bearing on hierarchies of quark and lepton masses [5] .
Twisted sector Yukawa couplings have already been investigated for both the Z N orbifolds [3] [4] [5] [6] [7] [8] [9] [10] [11] and for the Z M ×Z N orbifolds [12] [13] . However, the discussion has been mostly limited to couplings involving only twisted sector ground states, though an outline has been given of how twisted sector excited states might be included [3, 4] . Here we shall extend the discussion to Yukawa couplings involving twisted sector excited states of Z M × Z N Coxeter orbifolds. It is particularly important to be able to include these excited states in view of the fact that string loop threshold corrections to gauge coupling constants [14, 15] consistent with their low energy values have so far always involved modular weights for quarks and leptons requiring the use of excited twisted sector states.
The Z M ×Z N orbifolds under consideration are those for which the point group is realised in the simplest possible way in terms of the Coxeter elements of Lie algebra root lattices as discussed in the second reference of [12] and summarized in table 1. We are interested in massless states in the twisted sect ors of these orbifolds with the SU(3) × SU(2) × U(1) quantum numbers of quarks, leptons and electroweak Higgses. Possible (fractional) oscillator numbersÑ for massless states with these gauge group quantum numbers are bounded by [17] N ≤ a L − 3 5 , for Q, u c and e c
and byÑ
where a L is the left mover normal ordering constant for the twisted sector in question. The inequality in (1) and (2) reflects the generic occurence in orbifold models, before spontaneous symmetry breaking, of extra U(1) gauge fields to which the quarks and leptons couple. The bounds (1) and (2) put tight constraints on the left movers bosonic oscillators that can be deployed in the construction of massless twisted sector states.
Allowed Yukawa couplings involving excited twisted sector states are restricted by the observation [4, 19] that the discrete symmetries of the 2-dimensional sub-lattices of the 6-dimensional compact manifold are left unbroken by the construction of the orbifold. If Xλi, i = 1, 2, 3, are the complex coordinates defining the 6-dimensional compact manifold and a discrete symmetry acting in the i-th complex plane is of order P , then correlation functions involving ∂zXλi λm ∂wXλi λn are allowed only if
Yukawa couplings involving only twisted sector ground states are determined by bosonic twist field correlation functions [3, 4] of the type
with
where the subscripts α, β and γ on the twist fields are the point group elements for the three twisted sectors involved, and because of the point group selection rule
If excited twisted sector states are involved then excited twist fieldsτ andτ ′ are required which are defined by the operator product expansions [3, 4] ∂zXσ α (w,w)
and
where in the α twisted sector the coordinates Xλi are twisted by eλ−2πiη α λi and the index i labelling the i-th complex plane of the 6-dimensional compact manifold has been suppressed in (7) and (8) . (The excited twist fieldsτ α andτ ′ α are associated with the excited twisted sector states created by a single bosonic oscillator corresponding to moding η α or 1 − η α . This is the only situation that turns out to be relevant here.) Then, we are interested in correlation functions (4) where at least one of the factors Z i involves excited twist fields and is of the form
up to permutations of α, β and γ. If the point group element γ leaves the ith complex plane unrotated then σ γ λi is trivial and (9) reduces to the excited two-point function
which can be normalised to 1 apart from factors of (z 1 −z 2 ) and (z 1 −z 2 ) determined by SL(2, C) invariance. (The same remark applies to two-point functions where the excited states are created by a product of two bosonic oscillators.) Thus, nontrivial modifications of the Yukawa couplings due to the use of excited twist fields only occur when σ γ λi is non-trivial in (9) . As an illustration, the sectors of the Z 3 × Z 6 orbifold for which this happens are displayed in table 2, using the notation T pq to denote the θλpωλq twisted sector.
Normalization of the excited twist fields is necessary in order to create normalized states. The twisted sector mode expansion for X andX suggests that the normalization factors forτ α andτ ′ α should be essentially 2η α λ− 
where we have suppressed the index i. With the aid of the operator product expansions (7) and (8), the excited twist field two-point function is related tō
The correlation functionḡ(z,w) has has the form [3] g(z,w)
Combining (12) and (13) gives
where
is the conformal weight of σ α . The factors of (z 2 −z 1 ) and (z 2 − z 1 ) are to be expected because of SL(2, C) invariance (see for example, ref [20] ). This confirms the remark at the beginning of the paragraph that the normalization factors forτ α andτ ′ α are essentially 2η α λ− , respectively, but also makes it clear that there is a factor of (−1)λ−η α due to the fact that the excited twist fields have a non-zero spin. Such a factor is absorbed in the definition of the in and out states.
The three-point function (9) can be evaluated directly apart from an overall moduli independent normalization factor and this overall normalization can be determined by factorizing a four-point function. Using the operator product expansions (7) and (8),
where the index i labelling the ith complex plane has been suppressed in this and subsequent equations. Separating X into a classical pa rt and a quantum part
we have
where ∂zX qu ∂wX qu 3−twists = DX qu eλ−S qu ∂zX qu ∂wX qu
Continuing to suppress the index i on Xλi, the classical fields consistent with the operator product expansions (7) and (8) have derivatives of the form
The constant d must be chosen to be zero for an acceptable classical solution because the classical action is otherwise divergent. Consequently, the second term in (17) vanishes, and the moduli dependence of Zλ3 excited , which is contained in X cl eλ−S cl , is exactly the same as for the three-point function with unexcited twist fields.
Determination of the overall normalization of the three-point function, which depends on the twisted sectors involved, can be achieved by considering the fourpoint function,
With the aid of the operator product expansions (7) and (8) this can be written as
Separating X into a classical part and quantum part as in (16),
where ∂zX qu ∂wX qu 4−twists =
The first term in (25) can be evaluated from
Using the operator product expansion
together with the operator product expansions (7) and (8), we requireh(z,w) to
with similar conditions forz →z 2 ,z 3 ,z 4 andw →z 2 ,z 3 ,z 4 . Following the methods of [3, 10] , we arrive at
where we used SL(2, C) invariance to set
To factorize Zλ4 excited into a product of Yukawa couplings we shall, as in the case with only unexcited twist fields [3, 10] have to take the limit z 2 → z 4 , i.e.,
x → z ∞ . In this limit, we find from the asymptotic behaviour of the hypergeometric
The second term in (25) can be evaluated by writing [10] , consistently with the operator product expansions (7) and (8),
Then, c and b can be derived in terms of hypergeometric functions from the independent global monodromy conditions, as in the third reference of [11] , and taking the limit x → ∞ we find that the second term in (25) vanishes. Now, with the aid of (39), we find that for x → z ∞ ,
The factorization into a product of three-point functions now proceeds much as in the absence of excited twist fields [10, 11] , and we conclude that
The relevant Yukawa couplings are those for excited twist fields that create normalized states. Consistently with the remarks following (14) we should define the Yukawa coupling
so that
This result can be used to obtain the Yukawa couplings for Z M × Z N orbifolds when some of the twisted sector states involved are excited states from the Yukawa couplings between twisted sector ground states evaluated elsewhere [12] . The twist dependent suppression factors that arise may be of significance in obtaining the detailed pattern of quark and lepton masses. 
